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MINIMALITY OF A KIND OF PSEUDO-UMBILICAL
TOTALLY REAL SUBMANIFOLDS IN NON-FLAT
COMPLEX SPACE FORMS
LIANG ZHANG*, PAN ZHANG
Abstract. In this paper, by studying the position of umbili-
cal normal vectors in the normal bundle, we prove that pseudo-
umbilical totally real submanifolds with flat normal connection in
non-flat complex space forms must be minimal.
1. Introduction
Let M˜n+p(c) be a complex (n + p)-dimensional complex space form
endowed with the Fubini-Study metric of constant holomorphic curva-
ture c. An n-dimensional submanifold Mn in M˜n+p(c) is called totally
real if the complex structure J of M˜n+p(c) carries each tangent space
of Mn into its corresponding normal space. Specially, Mn is called
Lagrangian if p = 0. This kind of submanifolds appear naturally in
the context of classical mechanics and mathematical physics and have
been studied by many geometers. For instance, Chen [1, 2, 3, 4, 5, 6]
have classified Lagrangian surfaces of constant curvature in complex
space forms. Shu [7] proved some integral inequalities of Simons’ type
for n-dimensional compact Extremal Lagrangian submanifolds in com-
plex space forms and gave some rigidity and characterization theorems
for general complex co-dimension p. Chen-Ogiue [8] first studied min-
imal totally real submanifolds. Yano-Kon [9, 10] studied totally real
submanifolds satisfying certain conditions on the second fundamental
form and provided some basic examples. After that, as a generaliza-
tion of the minimal ones, totally real submanifolds with parallel mean
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curvature vector field have been studied (see, for example, [11], [12],
[13]).
As we all know, pseudo-umbilical submanifolds can be viewed as
another natural generalization of the minimal case. From Chen’s clas-
sification result of slumbilical submanifolds in complex space forms (see
[14]), one can construct examples of pseudo-umbilical totally real sub-
manifolds in M˜n+p(c). However, the class of such submanifolds is too
wide to classify, so it is reasonable to study pseudo-umbilical totally
real submanifolds under some additional conditions. For example, the
author [15] proved that complete pseudo-umbilical Lagrangian surfaces
in a complex projective plane must be minimal, and [16] proved that
a pseudo-umbilical totally real submanifold Mn with flat normal con-
nection in a complex projective space CP n+p is minimal if n = 2 or
p = 0. The main purpose of this paper is to show that the latter result
also holds for general n and general p, and the ambient space can be
assumed to be any non-flat complex space forms. We state it as the
following theorem.
Theorem 1.1. Let Mn be an n-dimensional pseudo-umbilical totally
real submanifold in a complex space form M˜n+p(c) (c 6= 0). If the
normal connection is flat, then Mn must be minimal.
Remark 1.1. To prove the above theorem, we characterize the umbilical
normal vector by its position in the normal bundle in Section 3 (see
Proposition 3.1). This characterization, on the one hand, can provide
suitable moving frames for us in the proof of the main theorem. On
the other hand, it also implies that there exist no totally umbilical
totally real submanifolds whose normal connections are flat in non-flat
complex space forms (see Corollary 3.2).
2. Preliminaries
Let Mn be an n-dimensional totally real submanifold in M˜n+p(c).
Choose a local field of orthonormal frames
e1, · · · , en, en+1, · · · , en+p,
e1∗ = Je1, · · · , en∗ =Jen, e(n+1)∗ = Jen+1, · · · , e(n+p)∗ = Jen+p
(2.1)
in M˜n+p(c) in such a way that, restricted toMn, e1, · · · , en are tangent
to Mn. For convenience, we use the following convention on the range
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of indices:
A,B,C, · · · = 1, · · · , n+ p, 1∗, · · · , (n+ p)∗;
i, j, k, · · · = 1, · · · , n;
α, β, γ, · · · = n+ 1, · · · , n+ p, 1∗, · · · , (n+ p)∗;
λ, µ, · · · = n+ 1, · · · , n+ p.
With respect to the frame field of M˜n+p(c) chosen above, J has the
component[8]
(2.2) (JAB) =

 0 −In+p
In+p 0


} i
} λ
} i∗
} λ∗︸︷︷︸
i
︸︷︷︸
λ
︸︷︷︸
i∗
︸︷︷︸
λ∗
where In+p denotes the identity matrix of degree n + p. Let{ω
A} be
the dual frames of {eA}, then the structure equations of M˜
n+p(c) are
given by
(2.3) dωA =
∑
B
ωB ∧ ωAB,
(2.4) dωAB =
∑
C
ωCB ∧ ω
A
C +
1
2
∑
C,D
KABCD ω
C ∧ ωD,
where [8]
ω
j
i = ω
j∗
i∗ , ω
λ
i = ω
λ∗
i∗ , ω
j∗
i = ω
i∗
j ,
ωλ
∗
i = ω
i∗
λ , ω
µ
λ = ω
µ∗
λ∗ , ω
µ∗
λ = ω
λ∗
µ ;
(2.5)
(2.6) KABCD =
c
4
(δACδBD−δADδBC+JACJBD−JADJBC+2JABJCD).
Restricting these forms to Mn, we have [8]
(2.7) ωα = 0,
ωαi =
∑
j
hαij ω
j, h =
∑
α,i,j
hαij ω
i ⊗ ωj ⊗ eα,
(2.8) hi
∗
jk = h
j∗
ik = h
k∗
ij ,
(2.9)


dωi =
∑
j
ωj ∧ ωij,
dωij =
∑
k
ωkj ∧ ω
i
k +
1
2
∑
k,l
Rijkl ω
k ∧ ωl,
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(2.10) Rijkl = Kijkl +
∑
α
(hαikh
α
jl − h
α
ilh
α
jk),
(2.11) dωαβ =
∑
γ
ω
γ
β ∧ ω
α
γ +
1
2
∑
k,l
Rαβkl ω
k ∧ ωl,
(2.12) Rαβij = Kαβij +
∑
k
(hαikh
β
kj − h
α
jkh
β
ki),
where h is the second fundamental form of Mn, and Rijkl, Rαβij are
the components of the Riemannian curvature tensor R and the normal
curvature tensor R⊥, respectively. We call that the normal connection
is flat if R⊥ = 0. Let ζ be the mean curvature vector of Mn, i.e.,
ζ =
1
n
∑
α,j
hαjjeα.
We call |ζ | the mean curvature of Mn, and denote it by H . From the
equation of Gauss (2.10), we have [8]
(2.13) ρ = n(n− 1)
c
4
+ n2H2 − S,
where ρ is the scalar curvature of Mn, and S =
∑
α,i,j(h
α
ij)
2. Define
the first and the second covariant derivatives of hαij as following
(2.14)
∑
k
hαijk ω
k = dhαij +
∑
β
h
β
ij ω
α
β −
∑
l
hαlj ω
l
i −
∑
l
hαil ω
l
j,
(2.15)∑
l
hαijkl ω
l = dhαijk +
∑
β
h
β
ijk ω
α
β −
∑
l
hαljk ω
l
i −
∑
l
hαilk ω
l
j −
∑
l
hαijl ω
l
k,
then [8]
(2.16) hαijk = h
α
ikj,
(2.17) hαijkl − h
α
ijlk =
∑
m
(hαmiRmjkl + h
α
mjRmikl)−
∑
β
h
β
ijRαβkl.
From (2.16), (2.17), the Laplacian of hαij is
(2.18) ∆hαij =
∑
k
hαkkij +
∑
k,m
(hαimRmkjk + h
α
kmRmijk)−
∑
β,k
h
β
kiRαβjk.
From (2.6), we have
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Lemma 2.1. Let Mn be a totally real submanifold of M˜n+p(c), then
(1) Ki∗j∗kl = Kijkl =
c
4
(δikδjl − δilδjk);
(2) KλAij = 0, Kλ∗Aij = 0;
(3) Kαijk = 0, Kαλjk = 0.
3. Position of umbilical normal vectors in the normal bundle
Now we assume that Mn is a totally real submanifold with flat nor-
mal connection in M˜n+p(c) (c 6= 0). For a point x ∈Mn, J(TxM
n) is a
subspace of the normal space T⊥x M
n, we denote it by Vx. Then T
⊥
x M
n
can be deconposed into the orthonormal sum T⊥x M
n = Vx⊕V
⊥
x , where
V ⊥x is the orthonormal complement of Vx in T
⊥
x M
n. We can character-
ize the umbilical normal vectors by their position in the normal bundle
as the following proposition.
Proposition 3.1. Let Mn be a totally real submanifold with flat normal
connection in M˜n+p(c) (c 6= 0), x ∈Mn. Then a nonzero normal vector
ξ is umbilical if and only if ξ ∈ V ⊥x .
Proof. Assume that ξ is a nonzero normal vector in V ⊥x , we prove that
the shape operator A ξ
|ξ|
has exactly one eigenvalue. Choose the or-
thonormal frame (2.1) at the point x, such that e1, · · · , en are eigen-
vectors of A ξ
|ξ|
and en+1 =
ξ
|ξ| . Without loss of generality, we may
assume that the eigenvalues of A ξ
|ξ|
are given by
λ1 = · · · = λi1 = ρ1, λi1+1 = · · · = λi1+i2 = ρ2, · · · ,
λi1+···+ik−1+1 = · · · = λn = ρk.
If ρ1, · · · , ρk (k ≥ 2) are all distinct, we will get a contradiction. Put
[ρ1] = {1, · · · , i1}, [ρ2] = {i1 + 1, · · · , i1 + i2}, · · · ,
[ρk] = {i1 + · · ·+ ik−1 + 1, · · · , n}.
With respect to the frame chosen above, the matrix (hn+1ij ) are given
by
hn+1ij = ρsδij , i, j ∈ [ρs], s = 1, · · · , k,
hn+1ij = 0, i ∈ [ρs], j ∈ [ρt], s 6= t.
Since the normal connection is flat, by using the equation of Ricci (2.12)
and Lemma 2.1, we have
0 = Rn+1αij = Kn+1αij +
∑
l
(hn+1il h
α
lj − h
α
ilh
n+1
lj )
=
∑
l
(hn+1il h
α
lj − h
α
ilh
n+1
lj ).
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By setting i ∈ [ρs], j ∈ [ρt], s 6= t, the above equation becomes
(ρs − ρt)h
α
ij = 0,
which implies that for all α,
(3.1) hαij = 0, i ∈ [ρs], j ∈ [ρt], s 6= t.
By using (2.12) and Lemma 2.1 again, we also have
0 = Ri∗j∗ij = Ki∗j∗ij +
∑
l
(hi
∗
il h
j∗
lj − h
j∗
il h
i∗
lj )
=
c
4
+
∑
l
(hi
∗
il h
j∗
lj − h
j∗
il h
i∗
lj ).
By setting i ∈ [ρs], j ∈ [ρt], s 6= t in the above equation and considering
(3.1), we get c = 0, which contradicts the fact M˜n+p(c) is non-flat.
Conversely, let ξ be an umbilical nonzero normal vector, it can be
decomposed into the sum ξ = ξ1+ ξ2, where ξ1 ∈ Vx, ξ2 ∈ V
⊥
x . Choose
the orthonormal frame (2.1) at the point x, such that
ξ1 = |ξ1|e1∗ , ξ2 = |ξ2|en+1.
Noting that ξ is umbilical, we have
(3.2) |ξ1|h
1∗
ij + |ξ2|h
n+1
ij = 〈ξ, ζ〉δij,
where 〈, 〉 denotes the inner product in T⊥x M
n. By using the equation
of Ricci (2.12), Lemma 2.1 and considering the fact that the normal
connection is flat, we obtain
(3.3)
∑
l
(hn+1il h
2∗
lj − h
2∗
il h
n+1
lj ) = 0,
(3.4)
∑
l
(h1
∗
il h
2∗
lj − h
2∗
il h
1∗
lj ) =
c
4
(δ1jδ2i − δ1iδ2j),
which, together with (3.2), imply that
0 =
∑
l
(|ξ1|h
1∗
il + |ξ2|h
n+1
il )h
2∗
lj −
∑
l
h2
∗
il (|ξ1|h
1∗
lj + |ξ2|h
n+1
lj )
= |ξ1|
∑
l
(h1
∗
il h
2∗
lj − h
2∗
il h
1∗
lj ) + |ξ2|
∑
l
(hn+1il h
2∗
lj − h
2∗
il h
n+1
lj )
=
c
4
|ξ1|(δ1jδ2i − δ1iδ2j).
By setting i = 2, j = 1 in the above equation and noting that c 6= 0,
we get |ξ1| = 0, hence ξ = ξ2 ∈ V
⊥
x . 
The above proposition can be verified by a classical example which
appeared in [10, 17] as follows.
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Example 3.1. Let CP n+p be a complex projective space of constant
holomorphic sectional curvature 4 and of complex dimension n+p. Let
Sm(r) be the Euclidean sphere of dimension m and radius r. Denote
Sm(1) just by Sm. It is well known that [18] S1( 1√
3
)×S1( 1√
3
)×S1( 1√
3
)
can be naturally immersed in S5 as a minimal submanifold. Then,
through the Hopf fiberation pi : S5 → CP 2, one can get a minimal
totally real submanifold T 2 := pi
(
S1( 1√
3
)×S1( 1√
3
)×S1( 1√
3
)
)
in CP 2 in
CP 2+p (see [10]). With respect to some suitable moving frames {eA}
of the form (2.1), [10] and [17] calculated that
(3.5) (h1∗ij ) =
(
0 − 1√
2
− 1√
2
0
)
, (h2∗ij ) =
( 1√
2
0
0 − 1√
2
)
,
(3.6) hαij = 0, α 6= 1
∗, 2∗, i, j = 1, 2.
By using (3.5), (3.6), the equation of Ricci (2.12) and Lemma 2.1, one
can easily find that the normal connection of T 2 in CP 2+p is flat. Also
(3.5) and (3.6) implies that for any point x ∈ T 2, the normal vectors in
Vx are not umbilical, while the normal vectors in V
⊥
x are all umbilical
(in fact, in this minimal case, they are all geodesic).
From Proposition 3.2 one can easily get the following corollary.
Corollary 3.2. In non-flat complex space forms, there exist no totally
umbilical totally real submanifolds with flat normal connections.
Combining Corollary 3.2 and a classification result of totally umbil-
ical submanifolds in non-flat complex space forms (see Theorem 1 of
[19]), we have the following
Corollary 3.3. Let Mn be a totally umbilical submanifold in a non-flat
complex space form M˜n+p(c). If the normal connection of Mn is flat,
then Mn must be a complex space form immersed holomorphically in
M˜n+p(c) as a totally geodesic submanifold.
4. Proof of the theorem
Now we assume that Mn is a pseudo-umbilical totally real subman-
ifold with flat normal connection in M˜n+p(c) (c 6= 0). If Mn is not
minimal, then there exists a point x0 ∈ M
n, such that H(x0) 6= 0.
From Proposition 3.1 we may choose moving frame (2.1) such that
ζ = Hen+1 around the point x0, so
(4.1)
∑
j
hn+1jj = nH,
∑
j
hαjj = 0 (α 6= n+ 1),
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from which, combined with Proposition 3.1, we know that
(4.2) hn+1ij = Hδij, h
α
ij = 0 (α 6= 1
∗, · · · , n∗, n+ 1),
which are equivalent to
(4.3) ωn+1i = Hω
i, ωαi = 0, (α 6= 1
∗, · · · , n∗, n+ 1).
For convenience, we denote that σ = S − nH2. The proof of the
theorem is based on the calculation of the Laplacian of σ. From (2.18),
and noting that the normal connection is flat, we have
1
2
∆σ =
∑
i,j,k,α
(hαijk)
2 +
∑
i,j,k,α
hαijh
α
kkij −
n
2
∆H2
+
∑
i,j,k,m,α
hαij(h
α
imRmkjk + h
α
kmRmijk).(4.4)
Write
I =
∑
i,j,k,α
(hαijk)
2,
II =
∑
i,j,k,α
hαijh
α
kkij −
n
2
∆H2,
III =
∑
i,j,k,m,α
hαij(h
α
imRmkjk + h
α
kmRmijk).
We will calculate I, II and III in turn.
From (2.14) and (4.1) one can easily get
(4.5)
∑
i
hn+1iik = nHk,
∑
i
hαiik = nHω
α
n+1(ek) (α 6= n+ 1),
where Hk = ek(H). Furthermore, by using (2.5) and (4.2), we deduce
that
(4.6)
∑
i
hm
∗
iik = nHω
m∗
n+1(ek) = nHω
(n+1)∗
m (ek) = nHh
(n+1)∗
mk = 0.
Lemma 4.1. Let grad H denote the gradient of H, then
I =
∑
i,j,k,m
(hm
∗
ijk)
2 +H2σ +
1
n
∑
α6=n+1
∑
k
(∑
i
hαiik
)2
+ n|grad H|2.
Proof. From (2.14) and (4.2), we have
hαijk = ek(h
α
ij)+
∑
m
hm
∗
ij ω
α
m∗(ek)+Hδijω
α
n+1(ek)−
∑
l
hαljω
l
i(ek)−
∑
l
hαilω
l
j(ek).
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Applying (2.5) and (4.2) to the above formula, it follows that
hn+1ijk = Hkδij +
∑
m
hm
∗
ij ω
n+1
m∗ (ek) = Hkδij −
∑
m
hm
∗
ij ω
(n+1)∗
m (ek) = Hkδij,
h
(n+1)∗
ijk = Hh
k∗
ij +Hδijω
(n+1)∗
n+1 (ek),
hαijk = Hδijω
α
n+1(ek), (α 6= n + 1, 1
∗, · · · , (n+ 1)∗).
From which, together with (4.2) and (4.5), we may calculate I as
follows.
I =
∑
i,j,k,m
(hm
∗
ijk)
2 + nH2
∑
α6=n+1,1∗,··· ,(n+1)∗
∑
k
(
ωαn+1(ek)
)2
+ n|grad H|2
+H2
∑
i,j,k
(
hk
∗
ij + δijω
(n+1)∗
n+1 (ek)
)2
=
∑
i,j,k,m
(hm
∗
ijk)
2 + n|grad H|2 + nH2
∑
α6=n+1,1∗,··· ,(n+1)∗
∑
k
(
ωαn+1(ek)
)2
+H2σ
+ 2H2
∑
i,k
hk
∗
ii ω
(n+1)∗
n+1 (ek) + nH
2
∑
k
(
ω
(n+1)∗
n+1 (ek)
)2
=
∑
i,j,k,m
(hm
∗
ijk)
2 + n|grad H|2 +H2σ + nH2
∑
α6=n+1,1∗,··· ,n∗
∑
k
(
ωαn+1(ek)
)2
=
∑
i,j,k,m
(hm
∗
ijk)
2 + n|grad H|2 +H2σ +
1
n
∑
α6=n+1,1∗,··· ,n∗
∑
k
(∑
i
hαiik
)2
.
This completes the proof. 
Lemma 4.2. II = − 1
n
∑
α6=n+1
∑
k
(∑
i
hαiik
)2
− n|grad H|2.
Proof. From (4.2),
∑
α,i,j,k
hαijh
α
kkij =
∑
m,i,j,k
hm
∗
ij h
m∗
kkij +
∑
i,j,k
hn+1ij h
n+1
kkij.
We compute each term of the right hand side of the above formula as
follows. During the procedure, we have used the formulas (2.5), (2.8),
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(4.2) and (4.6).
∑
m,i,j,k
hm
∗
ij h
m∗
kkij =
∑
m,i,j,k
hm
∗
ij
(
ej(h
m∗
kki) +
∑
β
h
β
kkiω
m∗
β (ej)−
∑
l
hm
∗
lkiω
l
k(ej)
−
∑
l
hm
∗
kliω
l
k(ej)−
∑
l
hm
∗
kklω
l
i(ej)
)
=
∑
m,i,j,k
∑
β
hm
∗
ij h
β
kkiω
m∗
β (ej)
=
∑
m,i,j,k,l
hm
∗
ij h
l∗
kkiω
m∗
l∗ (ej) +
∑
m,i,j,k
hm
∗
ij h
n+1
kki ω
m∗
n+1(ej)
+
∑
m,i,j,k
∑
λ6=n+1
hm
∗
ij h
λ
kkiω
m∗
λ (ej) +
∑
m,i,j,k
∑
λ
hm
∗
ij h
λ∗
kkiω
m∗
λ∗ (ej)
=−
∑
m,i,j,k
∑
λ
hm
∗
ij h
λ∗
kkiω
λ
m(ej)
=−H
∑
m,i,j,k
hm
∗
ij δmjh
(n+1)∗
kki
=0,
∑
i,j,k
hn+1ij h
n+1
kkij =
∑
i,j,k
Hδij
(
ej(h
n+1
kki ) +
∑
β
h
β
kkiω
n+1
β (ej)−
∑
l
hn+1lki ω
l
k(ej)
−
∑
l
hn+1kli ω
l
k(ej)−
∑
l
hn+1kkl ω
l
i(ej)
)
=
∑
i,j
Hδij
(
ej(nHi)− nHlω
l
i(ej)−
1
nH
∑
β 6=n+1
(∑
k
h
β
kki
)(∑
l
h
β
llj
))
=
∑
i,j
Hδij
(
nHij −
1
nH
∑
β 6=n+1
(∑
k
h
β
kki
)(∑
l
h
β
llj
))
=nH∆H −
1
n
∑
β 6=n+1
∑
i
(∑
k
h
β
kki
)2
.
Noting that
∆H2 = 2H∆H + 2|grad H|2,
hence
II = −
1
n
∑
α6=n+1
∑
i
(∑
k
hαkki
)2
− n|grad H|2.
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
Lemma 4.3. III = nH2σ.
Proof. Applying Lemma 2.1, (4.2), (2.8) and (2.12) to the equation of
Gauss (2.10), noting that the normal connection is flat, we have
Rijkl = Kijkl +
∑
α
(hαikh
α
jl − h
α
ilh
α
jk)
= Ki∗j∗kl +
∑
m
(hm
∗
ik h
m∗
jl − h
m∗
il h
m∗
jk ) +H
2(δikδjl − δilδjk)
= Ki∗j∗kl +
∑
m
(hi
∗
kmh
j∗
ml − h
i∗
lmh
j∗
mk) +H
2(δikδjl − δilδjk)
= Ri∗j∗kl +H
2(δikδjl − δilδjk)
= H2(δikδjl − δilδjk).(4.7)
Then Lemma 4.3 follows by a direct calculation. 
Proof of Theorem 1.1. Assume Mn is not minimal, then there exists
a point x0 ∈ M
n, such that H(x0) 6= 0. Applying Lemma 4.1, Lemma
4.2 and Lemma 4.3 to (4.4), we have
(4.8)
1
2
∆σ =
∑
m,i,j,k
(hm
∗
ijk)
2 + (n + 1)H2σ.
On the other hand, (4.7) implies that the scalar curvature of Mn is
given by
ρ = n(n− 1)H2,
substituted into (2.13), we see that σ = c
4
n(n−1). Thus (4.8) becomes
0 =
∑
m,i,j,k
(hm
∗
ijk)
2 +
c
4
n(n2 − 1)H2.
Hence H = 0 around the point x0, which contradicts the assumption
H(x0) 6= 0. Therefore, M
n must be minimal. This completes the
proof. 
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